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ABSTRACT

The following conjecture is considered:

(*) It is unsolvable whether a language (. context free language)

contains a sequence.

While this conjecture is left unresolved, a number of results pertaining to it

are obtained. For example, the unsolvability of whether a language contains

the set [aba2 ba3 ... ban/n 1 11, implies (*). It is shown that (*) is equivalent

to the unsolvability of whether a language contains a chain of a special form.

Several facts about whether a language contains a specific sequence are also

demonstrated. In particular, it is shown that whether a language contains a

given sequence is unsolvable, but whether a language contains a given ultimately

periodic sequence is solvable.
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Introduction

In [6) it was shown by a coplicated argument that for two (context free)

languages I% and i, It is recursively unsolvable vhether there exists a coa-

plote sequential machine mapping L into L2. Nov an alternative (and quite

simple) proof of this fact would follow from verification of the following

conjecture: It Is recursively unsolvable whether a language contains an

ultimately periodic sequence. (For the language [an/n a 1] can be sapped into

an arbitrary language L by a complete sequential machine if and only If L con-

tains an ultimately periodic sequence. ] Neither this conjecture nor its

analogue for sequences in general has been settled, but they have provided

motivation for the study of sequences in languages. The present paper sets

forth several results about sequences in languages and shows how some of the

questions vwhch remain unanswered may be reduced.

The paper is divided into four sections. Section 1 reviews the terminology

of languages. In section 2 a language is exhibited which contains exactly one

sequence, a sequence which is not ultimately periodic. Using this language it

Is shown that the unsolvability of whether a language contains a set of words

of a certain form implies the unsolvability of whether a language contains a

sequence. In section 3 the solvability of a language containing a sequence is

proved equivalent to the solvability of a language containing at least one

special kind of chain. In section 4 it is shown that whether a language con-

tains a given sequence is unsolvable, but whether a language contains a given

ultimately periodic sequence is solvable.
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Section 1. Preliminaries

Let E be a finite nonempty set and lot O(E) be the free semigroup with

identity c generated by E. (Thus G(E) is the set of aIl finite sequences, or

yords, or E and c is the empty sequence. ) We shall be considering certain sub-

sets of G(E) which are called "context free languages," or "languages" for

short. These languages arose in the study of natural languages [21 and have

been shorn to be identical vith the components in the "AWOOL-like" artificial

languages which occur in data processing (4].

A grammar G is a 14-tuple (V,P,E,S), where V is a finite set, E is a subset

of V, S is an element of V-E, and P Is a finite set of ordered pairs of the

form (C,v) with C in V-E and w In e(v). P is called the set of productionso ()
G. An element (Q,v) in P is denoted by - v. If x and y are in 8(V), then

we write xI y if either x, y or there exists a sequence x = x1_, x2 ,...,x n-

y (n > 1) of elements in 9(V) with the folloving property. For each i < n there

exist a,, bi, gi' vi such that xt = %91ibi, xt+1 - aiibiI, avd g I w vti The

language.generated M 2, denoted by L(G), is the set of words (v/S 0 V, v in

e(E)J. A context free language (over E) is a language L(G) generated by same

g r - (V,P,E,S). Unless otherwise stated, by a language we shall always

mean a context free language.

If A and B are subsets of O(E), then the set of words fab/a In A, b in B)

Is called the product of A and B and is written AB. If A (or B) consists of

Just one word, say A - (a] (B - (b)), then aB (Ab) Is written instead of AB.

4)
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For each word x in O(E), jxj denotes the length of x.

If A and B ar languages, then so are AB, A + B,( and *(2) 13].

The family of regular sets is characterized as the malest family of sub-

sets of O(E) containing the finite sets and closed under the operations of

union, product, and * r91. Each egular set is a language (33.

Let xl...,Xn,... (written xi..Xn...) be an infinite sequence of elements

of E. The sequence is said to be contained in a set H of words (or 3 contains

the sequence) if the word xi...xi Is in R for each 1. A sequence x ... xn... is

said to be ultimately periodic (u.p.) if there exist integers no and p so that

xn+p a xn for n a no. An infinite sequence of words : i is said to be a chain

•.*if w I is an initial subword of wil+ for each i, I.e., vwt+1 = Vwiu I for some u,

in 8(E)-.. A language is said to contain a chain if the language contains each

word in the chain.

We are interested in whether a language containing an u.p. sequence is

unsolvable and whether a language containing a sequence is unsolvable; and we

shall present a number of results which have arisen during a study of these

two problems.

1)Both "+" and "U" are used to denote set union.

(2) *n1ilIf A is a set of words, then A + UA ,where A A and A'+ AA.
1
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Section 2. Distinguished Sequences

Consider the question of whether or not a language containing a sequence

must contain an u.p. sequence. By application of a systematic procedure, we

can effectively enumerate those languages which contain no sequences. Since we

can test a given language to see if it contains a specified u.p. sequence,3)

and since we can effectively enumerate the u.p. sequences, we also have a

systematic procedure for effectively enumerating those languages which contain

u.p. sequences. Therefore, if each language containing a sequence contained an

u.p. sequence, we would have a decision procedure for determining whether or

not a given language contained an (u.p.) sequence. However, we now show that

there are languages which contain a sequence but no u.p. sequence.

Notation. Given a word w and an element b in E, let #b(w) be the number of

occurrences of b in w.

Theorem 2.1. There exists a language which contains a sequence but no u.p.

sequence.

Proof . Let G1 , (VI,PI,E,g), where E - fa,b), V1 -, U E, and P1  b,

g - a, C - bta). Let L1 - L(GI). Clearly Ll - (u/u - wba #b(v), w in 6(a,b)).

If u - wban is in L1, then wbaan+l is in h and is the proper extension of u

in h of smallest length. Hence h1 contains the chain C a b, bba, bbaba 2 ,

bbaba% 3 ,....

(3)See Theorem 4.2.

(),
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Let G2 - (V2 ,P2 ,EC), vhere V2 -E - ({,v,Y) ad P2 0 (C VY, y ' b&,

y ay, y by, y - by, v b, v - av, v- b, v -va]. Let L - L(G2 ).

Then

½ - ru/u - vba", 1 f. n ! f,(,), v in e(a,b) bO(a,b)1.

Let L3 - b -Ljb + L2. Note that eachvord in b + Llb ends in b, and each

word In L2 ends in a. Let D be the sequence bbabs.ba3b.... Obviously D is

not u.p. We shall show that L3 contains D but no other sequence.

Each word in D ending in b is in b + Lhb. Since each word in D ending in

a is in L2, D is contained in L * Now let E be any sequence contained in LY.

Neither a nor ba is in L2, thus neither is in L3 . Therefore E begins with bb.

Now suppose that E begins with buban, n 2 0, for some word u in 8(a,b). Two

cases •rise.

(a) n - #b(bu). Then buban+l is not in L2, and thus not in L3. Hence

E must begin with bubanb.

(0) n < #b(bu). Since n $ #b(bu), buban is not in Li. Thus E cannot

begin with bubanb, that is, E begins with buban+l.

By induction it therefore follows that E - D. Hence D is the only

sequence contained in L .

Using the languages constructed In Theorem 2.1 we now show that if either

of two problems is recursively• unsolvable, then so is the problem of whether

a given language contains a sequence.
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Let D, L]., L2, and L 3 be as in Theorem 2.1 and let B = 9(a,b). For H and

N subsets of 0, let r(M,N) - b + Llb + U (Nb)n+lMban+l. It is readily seen
nwO

that T(M,N) is a language if M and N are. Furthermore, T(M 1,, 1 ) S T(M,N) if

4 1M, .Mand Nc1N. Then

T(,)b +Llb + U (8b)U+2an+l
nO

-b + Llb + L2

- L.
L3*

Since D is the only sequence in L3 , it follows that T(KN) contains a sequence

if and only if it contains the sequence D.

Consider i(M,a)- b + Llb + U (a*b)n+Mban+l. If this set is to contain I)02

then it is necessary that M (i) contain each of the words 6, ba, bba2,

baba 2 ba 3 ,... (to obtain members in the sequence of the form vba); and (ii) con-

tain each word of the form an+lban+2 .. .ban4m, n k 0, m a 1 (to obtain members

in the sequence of the form vban+2 , with m - #b(v)-n-1). Moreover, if M

satisfies (i) and (ii), then it is readily seen that D C r(M,a ) since

D n 8b C b + Llb.

Suppose that M l bP + &0 + 6. Then (ii) is satisfied; and (i) is satisfied

if and only if P contains the set fabs 2 ... ban/n a 1). Thus r(M,a*) contains a

22
sequence if and only if P contains Cabs2... ban/n a 1). Therefore ve got

Theorem 2.2. If whether a language contains [aba2 ... ban/n a 1) is unsolvable,

then whether a language contains a sequence is unsolvable.
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Suppose that X a P + a + bO. Then (i) is satisfied, and (ii) is satisfied

for a-a 1. Nov (ii) holds for every I If and only if P contains each word of

the form &'bi+' ... i+k, 1, k 9 1. Thus we have

Theorem 2.3. If whether a language contains rabi+'...bat+k/i, k ! 11 is

unsolvable, then whether a language contains a sequence is unsolvable.

We now consider sequences D with the property that there is a language

containing D and no other sequence.

Definition. A sequence D of words with the above property is called a

distinguished sequence.

4 Since every u.p. sequence is a language, each u.p. sequence is distin-

guished. The sequence D in Theorem 2.1 shows that the converse is not true,

i.e., there are distinguished sequences which are not u.p.

Given a distinguished sequence D we may obtain other distinguished

sequences as follows. Let S be any complete sequential machine(4) with the

(44 generalized sequential machine S is a 6-tuple (K,•Z,A,8,,pl) where (i) K

is a finite nonespty set (of "states"); (Ii) E is a finite nonempty set (of

"inputs"); (iii) A is a finite nonempty set (of "outputs"); (iv) G is a mapping

of K x E into K (the "next state" function); (v) X is a mapping of K X E into

0(A) (the "output" function); and (vi) p1 is an element of K (the "start"

state). A complete sequential machine is a generalized sequential machine in

which X maps K X E into A.
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property thata t each state, X mapse one to one into A. Let L be a language

containing a distinguished sequence D. Then S(L)(5) is a language [5) con-

taining the sequence S(D). That S(L) contains no sequence but S(D) follows

from X mapping E one to one into A. Furthermore, if D is not u.p., neither is

S(D). We omit the straightforward details.

The question naturally arises: Are there any sequences which are not

distinguished? A simple cardinality argument shoas there are. For there are

2"0 sequences when E contains at least two elements, and only NO languages.

Thus there exists a sequence D (in fact 2 NO) such that any language containing

D contains at least one other sequence, i.e., a sequence D which is not dis-

tinguished. More precisely, 4)
Theorem 2.4. Every distinguished sequence is recursive.

Proof. Let L c: 0(al,...,ak) be a given language. We outline an effective

procedure. P with the following property: If L contains at least one sequence

twiI a 1 and every sequence in L contains w., then P selects w at the n-th

stage.

Each stage of P is divided into substages. In substage m(a 1) of stage 1,

P determines the finite set

()Extend 6 and X to K X O(T) as follows. Let 6(q,c) . q and X(qge) . s. For

each word '...%,kl each x, in E, let 6(q,x,... x+ 1 ) - 6E6(q•x1 ... xk), xk+l)

and X . - h(qx, ... x) X[6(qx,.1.. Xk), xk+l. For each word vw, lt

S(w) - ,(p.,w). For each set L, let 8(L) - fS(v)/w in L). 4-)
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D1,.a -w/ 1VI - a MA a nit V(6)C L).

If D1, is empty, P selects sk and proceeds to stage 2. If D1,m is nonempty

anA each word in it begins with the Same letter, say bl, P selects b1 and pro-

ceeds to stage 2. Otherwise P proceeds to substage a + 1.

If L contains at least one sequence and every sequence in L contains bi,

then there must be some m 2 1 such that D1,M is nonempty and contains only words

beginning with b . (This follows immediately from the well-known Infinity

Leama of graph theory r7;p.811). In this case P completes its first stage and

selects b1 .

Suppose that P completes the nth stage (n ý! 1) singling out bl ... bna. In

substage m (a 1) of stage n + 1, P determines the finite set

D n+1'M - (v/ Iv1 - n + a, Init, v_ CL, and b, ... bn is in Init w).

If Dn+lm is empty, P selects b l...bnak and proceeds to stage n + 2. If Dn+l m

is nonempty wa every word in it has the sam n + lat letter, say bn+1 , then P

selects bi...bnbn+1 and proceeds to stage n + 2. Otherwise P proceeds to sub-

stage m + 1. If L contains at least one sequence and every sequence in L con-

tains bl...bn+l, then there must be some m a 1 such that Dn+l a is noneampty and

contains only words with bn+l as Its n + 1 st letter. In this case P completes

its n + 1st stage wad selects bl... bn+1.

(6)For awordw, Init v fu/u h e, uv v for some v. For a set 3 ofwords

let Init I U Init V.
V in I
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Suppose that L contains exactl.y one sequence D. Then P completes the nth

stage for every n and enumerates D. Since P is an effective procedure, D must

be recursively enumerable. But a sequence is recursively enamemble if and only

if it is recursive. Hence the result.

The next theorem shows the existence of recursive sequences vhich are not

distinguished. Since the proof involves special concepts, it is given in the

appendix.

Theorem 2.5. Let a be a given element of E. Then each recursive, non u.p.

sequence D with the property that for every n 2 1 there is a word uae, u -4 6,

in D such that k 2 2 ntul is not distinguished.(7)

In passing, we mention two open problems.

(1) Characterize the set of distinguished sequences.

(2) Characterize the set of those sequences D having the property that

there exists a language containing D but no u.p. sequence.

Section 3. An Equivalence Condition

We now show that the solvability of a language containing a sequence is

equivalent to the solvability of a language containing a special kind of chain.

(7)One such sequence D w Xl...Xn.., is obtained by letting f(O) . 1, f(n+l) .

f(n) + 2 (n+l)f(n)+ 1 for n a 0, Xi - b if i is in the range of f, and x = a

otherwise.
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Theorem 3.1. Call C(P) a counting chain, where P is a subset of the positive

integers, if C(P) is the set of those vords

kEl

b I I l b a1 1  2 . . . hb I -J : ,

k l, suchthatforl1 J 9k, m21if J is inPandi lif J is not inj
P. Then the question of whether an arbitrary language contains a sequence is

solvable if and only if the question of whether an arbitrary language contains

a counting chain is solvable.

Proof. (1) Let a be the operation Vhich takes each occurrence of b into

(b,b2], and leaves a unchanged. That is, a(e) - e and a(x. ... xr) - a(x)... (xr),

-- where a(a) - a and a(b) - [bb ). Let ¶ be the operation vhich takes each

occurrence of a into A1 . rba /n a 1) and each occurrence of b into A2 -

&2n+l/n a 0). Since A1 and A2 are languages, a and T preserve languages, i.e.,

if L is a languae, so are a(L) and -(L) [1]. We shall show that for a subset

L of B, aT (L) contains a counting chain if and only if L contains a sequence.

Therefore if it is solvable whether an arbitrary language contains a counting

chain, then it is solvable whether an arbitrary language contains a sequence.

To this end let L be a subset of 0. Suppose that L contains a sequence

Da x1 ... xn .... For each n let dn m xi...xn. Let A3 -arfl if x,.a and A3

cp if x1  b. Let

P.- APU (n/n & 2, xn~l - x].)

For each n, ba lb 2 b...ba In is in T(dn) if and only if

i



31 January 1963 -16- T14-738/001/00

fj/j i, i > 0 sAn even) u (/j c n x, a) a.

For each n let u be the element in r(d) with 1 - or 2 and i3 1 .i 1 or

I %+I- I i 3+2, 1 c j < n. Then

a(un) . rbklab k2 .. .b ka f/kj - 1,2;1 c , :9 n).

In particular, a(un) contains an element vn in which k- 2, 1 !C j n, if and

only if j is in P. Thus k 1 a 2 if and only if x,1  a. Hence k, - i1 . Further-

more, for each J, kJ+1 . 2 if and only if xi - xj+l. whence k,+,l - l+,- Ij.

Thus •vl)i 1 is the counting chain C(P). Since (v1 ) S 0(fUnn a 1),

runn T-(D), and D a L, it follows that C(P) E_ a(L).

Now suppose that the counting chain C(P) C c7T(L) for some set P of positive 4
integers. For each n let

nii £ Esi

bnbla ... b nao-

be in C(P). Then there is a unique word d. in L such that vn is in o1(dn).

In fact, d% is the word x1... xn of length n in 8(a,b) for which (i) x, - a if

and only if i1  2, and (ii) for 1, l <n,x - + if and only if ij+l a 2.
Xi '3+1

It readily follows that (diji • 1 is a sequence in L.

(2) We shall now show that if it is solvable whether an arbitrary language

contains a sequence, then it is solvable whether an arbitrary language contains

a counting chain. This ard (i) will then Imply Theorem 3.1.

Let L be the same as in Theorem 2.1. Let C(P) be an arbitrary counting

chain. If u is a word in C(P), then from the definition of counting chain, 4
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u m vbafb4 (vb) for some vorl v in 9(a,b). Tus bu is in IL for each vord u in

C(P). Hence bC(P) S Ll.

Let M be a given language over Eu - a,b). Let

R, = rb(9b)%a*(b42++b 2 a)an+1/n a 1l,

H2 . be*(b+b2 +b2a)& + bMba + bl4b2,

and +

As is easily seen, Hi, %, and R are languages. K1 consists of all words of

the form

(o) bubambt ap, where t - 1 or 2, u is in 0, m a 0, and 2 p-9 < #(bubat).

'2 consists of all words of the form

(B) bambta or ba"b 2 a2 for t - 1, 2, and m a 0;

and (y) bMbta for t = 1, 2.

Consider the language M41 . b + b2 + b 3+ l(b+b2 ) + 14. We shall show that

M1 contains a sequence if and only if M contains a counting chain. Therefore

if it is solvable whether an arbitrary language contains a sequence, it is

solvable whether an arbitrary language contains a counting chain.

Suppose that vb is an initial subvord of a counting chain C(P). Then

either (i) v m €, (ii) v m b, (iii) v is In C(P), or (iv) v - vib with v1 in

C(P). Consider bvb. If (i) holds, then bvb m b2 . If (ii) holds, then bvb a

b3 . If (iii) holds, then by is in I, so that bvb is in Lb. If (iv) holds,
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then by1 is in s_, so that bvb . bvlb2 is in Lb 2 . Thus if vb Is an Initial

subvord of a counting chain, then b2 ÷ b3+ h (b+b2 ) contributes bvb to l."

Consider initial subwords va of a counting chain. It Is clear that only

Scan contribute words ending in a to Ml. Suppose that va is an initial sub-

word of a counting chain. Then bva a bvbtaq, where t a 1 or 2, v is a word not

ending in b, and 0 < q < b(bwbt). If v contains b and qb 2, then bva is in

? by (o). Ifw does not contain b and either q = 1 or q - t m 2, then bva is

in 4 by (B). Thus neither (a) nor (B) contribute bva to R if and only if bva a

bWlb 2 b ta for some words w1 and w2 , w2 not ending in b, t - 1 or 2.

Suppose that M contains a counting chain C(P). By the previous discussion,

m contAins bz for every initial subword z of C(P) except possibly z - vwbw2bt a,.

t - 1 or 2, w2 a word ending in a. In this case, wvbw2 is in C(P), thus in 1.

Then by (y), bz is in M, thus in M. Therefore Mi contains bz for every initial

subvord z of C(P). Since b is also in 1,, M, contains every initial subword of

bC(P). Thus Mi contains a sequence.

Now suppose that Mi contains a sequence D. It is easily seen that D begins
wi 2b Si nihr 2  3 4 2 2with b2. Since neither b nor b is in h, b Is not InMi. Since b a is not

in R, b2 a2 is not in M1. Thus D begins with either b2 ab or b3 a.

(a) Suppose that D begins with b2 ub2 , where u Is a word ending in a.

Since each word in L ends in a, neither b2 ub nor b2ub2 is in L1 . Thus b2ub3

is not in Mi, so that D begins with b2ub 2a.

4)
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(b) Suppose that D begins vith b2ubtaqj where t 1 or 2, q > 0, and u Is

a vord not ending in b (thus u might be .). Two alternatives awise.

(i) q - Pb(bubt). Suppose that D begins vith bubta"q+l. Then

q + 1 a 3, so that b2ubtaq+l can only be contributed to M1 by (a). Since q + 1

fb(b2ubt), b2ubtaq~l cannot be contributed by (a). Thus D begins with b2 ubta%.

(ii) q 4 #b(bubt ). Since D is a sequence, it follows from (i) that

q < #b(bubt). Suppose that D begins with b 2 ubta%. Then b2ubtaq is in L1, so

that q a #b(bubt), a contradiction. Therefore D begins with b ub

From (a) and (b) and the fact that D begins with b 2 ab or b 3 a, it follows that

D consists of all initial subwords of bC(P) for some counting chain C(P), with

i1 , i 2 ,.., the exponents of b's in the chain.

Finally, suppose that 4 does not contain C(P). In particular, let

k

xublel...b
ikik.Iil

be in C(P) but not K. Consider y w bxb Ikal. Clearly y is not contributed to

M1ý by either (a) or (0). Since x is not in M, y is not contributed to M1 by

(y). Thus y is not in M1, contradicting the assumption that M, contains D.

Thus M4 contains C(P), i.e., M contains a counting chain if and only if 1 con-

tains a sequence. Q.E.D.

Remark. While the problem of whether an arbitrary language contains a counting

chain is, as yet, unresolved, the problem of vhether an arbitrary language con-

tains all counting chains is recursively unsolvable. For let E a a,b] eand let
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a and - be as in Theoreu 3.1. For each language L, it is readily seen that

"a,(L) contains ali counting chains If and only if a(a,b)- * _ L. Since L -

*(a,b) is recursively unsolvable [1, it follows that whether B(a,b)- € a L is

recursively unsolvable. Thus whether ar(L), hence an arbitrary language, con-

tians all counting chains is recursively unsolvable.

Section 4. Special Sequences

In this section we consider whether a language L contains a specific

sequence is solvable. We exhibit one set of sequences for Vhich it is unsolv-

able and another for which it is solvable. We then show that whether a language

contains a sequence of a special form is unsolvable.

Theorem 4.1. Given a sequence D and language L, it is recursively unsolvable E
whether D C L.

Proof. Let F be the set of all sequences of the form

Enit (cwlcV2cw 3 ... ),

where U wI = B(a,b). Given a language M, consider L(M) = Init C(c4)*].(8)
iul

If M - e(a,b), then D c L(M) for every D in F. If N ý 0(a,b), then D C L for

no D in F. Since it is recursively unsolvable whether M , O(a,b) for an arbi-

trary language M r1), it is recursively unsolvable whether D C L for som

specific (or even one) D in F.

(8)If L is a la Unage, then Intt L Is a language 5.
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We next show that it in solvable whether a language contains a given u.p.

sequence.

Le m 4.1. Given words vw, w2 , w3 , it is recursively solvable whether an arbi-

trary language L contains WlW2wy

Proof. If v 2 a g, then it is recursively solvable whether Vlw3 is in L.

Suppose that wV 4. Since wlwiw3 is regular and L is a language, A. vwlwwf L

is a language and effectively calculable from L (1]. Since *W2 w c L if and
- V1 2 V3 ~Rl~f~t~m uhu~ hatwheter Aand w1 2 w3

only if A - vlvv, it suffices to shw that whether A and are equal is

solvable. Let '1 (T2) be the operation which maps a word x into xI if x -

wlx1 (x = x1 w3 ) and intov othervise. Then A andw wlwV3 are equal if and only

if v2 71(A) - w2 . Now 2 I(A) is a language and effectively calculable from

A [5). Since w2j 4, w2 ' l ... r Yl y in E. Consider the generalized sequential

machine S . (K,E,(&1,6,X,pl), where K h •pl,...,pr 1 ' .(p 1 ,y) - € for i ý r,

X(pr, y) ,6(piy) - PI for i C r, and 8(pr,y) - pl, y in V. Then

( - ak/,, in , 2 11 (A)). Since - 2 ,1(A) is a language, Sri 2 i 1 (A)] is a

language and effectively calculable from ¶ 27I(A) and S [5]. From [41], a

language on one letter is a regular set and is effectively calculable as a

*su w iS[ea*
regular set. But A = vw 3 if and only if 3(A)] a . No it ii solv-

able whether two regular sets are equal (9]. Thus it is solvable whether

SEr2,I(A)] - a . Hence the result.

Theorem 4 . 2 . Given an u.p. sequence D and a language L, it is solvable whether

L contains D.
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Proof. Let D be an u.p. sequence. Then D a Init (v(a 1 ... ap)*), '£ in E, for

some vord v and some p 1 1. For any language L, D C L if and only if L contains

each of the following p + 1 sets: Init v, v(a. 1 ...ea,)* a pa l)*,

vala2 (a 3 .p..apaa 2 )*,...,va1...apa(apa 1 ... ap.1*. Inclusion of Init v is solv-

able because Init w is finite and a language is a recursive set. Each of the

other inclusions is solvable by Lam 4.1. Thus whether L contains D is

solvable.

We have Just seen that whether a language contains a specific u.p. sequence

is solvable. The question arises as to whether a language contains at least

one u.p. sequence with a given period is solvable. We nov show that it is not.

Theorem .3. . Given a language L and non-a word v, it is recursively unsolvable

whether L contains an u.p. sequence with period w, that is, a sequence of the

form Init (WvW)

Proof. Let .a, b, and c be three letters not occurring in v. For each positive

integer J denote by T the word abs. For each n-tuple z m (zl,..Zn) of words

in B(a,b)-e let

Lz - zi k...-z l c 11 .. k/ , each ij !C n).

Let A(v) - c + Init w - v. For any two n-tuples x - (xl,...xn) and y .

a" ) of words in 8(a,b)-c let

L(x,y) - Init L(x) + L(x) v(vw2)*(v) + L(y) (v2)*A(v).

Suppose that L(x) nl L(y) # cp. Let v1 be an element in L(x) nl L(y). Then

Init (v,ý*) c L(x,y), so that L(x,y) contains an u.p. sequence with period v.
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Suppose that L(x,y) contains an u.p. sequence with period w. Then there* Wl2
is a word w1 such that Init (V1 , *) C L(x,y). In particular, Wlv and wlw are

in L(x,y). Since L(x) c 9(a,b,c) and v is not in O(a,b,c), neither vlV nor

vwv 2 is in Iznt L(x). Suppose tt wlV a vi 2 both ar in ' (x•V( 2 )*A(M).

Since a, b, and c do not occur in w, vlw - uw and wV2 - uw2, with u in
2 v(2* 2v*

L(x) and w, w in V(w)A(w). Nov for each word t in v(v2)*A(v)

()Itl m (2rt* 1) jvj + st,

where r is a nonnegative integer, and 0 ! st • jwl- 1. Thus Ivwj (2r.+ 1)

II + s•. Then

*-' . (2r,+ 1) Ilvi + sa+ 'w.

Since 0 ! s vw t i- 1, w2j is not of the form given in (*). Therefore one

of the words nvy or wlw2 is not in L(x)w(v 2 )*A(v). Similarly one of the words

w.v or vlw2 is not in L(y)(w2)*A(w). Thus vlV is in one of the two sets,

L(x)v(v2 )*A(v) or L(y)(w2)*A(w), and vw 2 is in the other. Therefore v1 1

uiv,- =a2' with ul in L(x), u2 in L(y), and v1 , v2 in mit (v*) +s. Since

ul u2 and vV 2 have no comon letters, u1 . u2 and ul is in L(x) n L(y). Thus

L(x) A L(y) 0 tp.

It thus follovs that a necessary and sufficient condition that L(x,y)

contain an u.p. sequence with period v is that L(x) n L(y) ý tp. But

L(x) n L(y) c p occurs if and only if there exists a sequence of integers

i1,...,tk so that xi ... XIk y= 1...y 1k. Since the latter in the Post
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Correspondence Problem and is known to be recursively unsolvable [8), vhether

L(x,y) contains an u.p. sequence of period w is recursively unsolvable.

Remark. The family of languages L(x) of Theorem 4.3 is also useful in shoving

the following questions about sequences and an arbitrary language L. to be

recursively unsolvable:

(1) Whether L contains a sequence containing a fixed letter. For let d

be a letter not occurring in L(x) + L(y) and consider (lnit L(x)](d2) +

2*EImit L(y))d(d )

(2) Whether L contains a purely periodic sequence.(9) For let d be a

letter not occurring in L(x) + L(y) and consider Init rdL(x)(dL(y))*.

We conclude with a remark on the unsolvability of whether a language con-

tains an u.p. sequence. Let D, L1, and L3 be as in Theorem 2.1. It follows

from the proof of Theorem 2.1 that, for any vord v in e(a,b), Init v C L3 If

and only if w Is in D. Let T be the operation such that for each word u, T(u) -

u if the letter c occurs in u, and T(u) - tP otherwise. If L is a language, then

T(L) is a language [53. Thus r(Init L(x)) is a language. Consider the language

M(x,y) - L3+ L(x)(d 2 )* L(y)d(d 2 )*+ ¶(Init L(x)).

Then M(x,y) contains an u.p. sequence if and only if there exist integers

IV,...,IkM each Ii T n, so that Xil...Xik a yil...y1 k and this word is in D.

(9)A sequence of words D a xl...-n... Is said to be Purel periedic If there
exists an integer m a 1 so that xI4M a xi for alli .a
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In other words, whether a language contains an u.p. sequence is recursively

unsolvable if the following modification of the Post Correspondence Problem is

true: Given two n-tuples (xl,...,x n) and ' n of words in e(a,b)-s, it

is recursively unsolvable vhether there is a sequence of integers i1 ... ,ik,

each I n, so that Xl...Xik • ytl.. .yk and Xl ... xtk begins the sequence

bbaba2 a3....
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APPENDIX

Proof. We first recall saoe terminology and facts about generation trees. Lot

o - (V,P,E,S) be a gremar. Call the elements of V-E variables. Lot vI be a

variable. Let v2,... ,vr be words in Q(V), vl ' v2 a production, vith the follow-

ing property. For 2 !9 1 < r there exist words u,, vi, Yi9 zt such that w1

uiyi vi, Vil+ a UizVi, and yi - zi is a production. A generation tree (con-

structed below) is a rooted, directed tree vith an element of V U(¢), called

the node nmes, associated at each node.

The nodes of the tree are certain tuples of the form (11,... ,i), where

k < r and i Is a positive integer. The directed lines of the tree are all the 4)
ordered pairs ((il,...,"k0 (1 ,..., ik' ik+l)) of nodes. Let the 1-tuple (1)

be the root andvi the node name of (1). Ifv2 a g let (l,1) be a node In the
tree and c the node name of (1,1). If v2  (2) (2) each x(2) in V, lot

(2) x . ()
(i,i), 1 ! . ' n(2), be a node and x(2) its node name. Continuing by induction,

suppose that for all t ! k, every occurrence in vt of an element of V serves as

node name of same node. Nov

(*) ukykvk - wk ' vk+l ukzkVk.

Let (i 1,...,is) be the node whose node name is the occurrence of Yk Indicated

in (*). If Sk a e let (i 1,...,i 5 ,l) be a node and its node nute. If zk a
(k) (k) each X(k) in V, lit 1 sC 1 ! n(k), be a node and

x(k) its node name. This procedure is repeated through k = r-l. The resulting
ei
entity Is the generation tree.
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A node ( is said to be an extension of the node if

a 9 t and ik = Jk for alU k ! a.

A t in a generation tree is a sequence of nodes N1 ... 'Nk such that

(AIs, N]+1) is a directed line for each i < k-1.

Given the nodes N (i,,i) and N2 = (Jl,..,t) vrite N, < N2 if

either N2 is an extension of Ni or if ik < Jk for the smallest integer k such

that 1  Jk

The relation ! is a simple order on the set of nodes.

A node is called maximal if there is no node distinct from it vhich is an

extension of it.

We shall use (implicitly and explicitly) the folloving known facts about

a generation tree T associated vith c - v rlJ:

(a) If N is a noruaximal node, then the node name x of N is a variable

and 0 uxv for some u and v in S(V).

(b) Let Nl,...,Nk be the manxLal nodes, vith N 'i N,+l for each 1. Then

v is the vord obtained by replacing in Ni...Nk each node with its node name.

(c) Let N be a norximal node in a generation tree, and x its node name.

Then the "subtree" of T formed by using as nodes all extansions of N is a

generation tree.

(d) LAt v uyv and let T1 be a generation tree of y w1 . If T1 is

placed (in the obvious way) vith its root on the node whose node name is y in

uyv, then a generation tree of u - uvlv is obtained.
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We now return to the proof of Theorem 2.5. Let D be a sequence satisfying

the hypothesis of the theorem. Let L be any language containing D. We shall

show that D contains an u.p. sequence. Consider the set L' - L-fs)-E. L" is a

language and there is a gramr G - (V,P,E,S), L(G) - L', such that every pro-

duction in P is of the form C- pv, p and v in V r13. Let N denote the number

of distinct variables. Let I be the set of those variables C such that

asiat for same s + t > 0. Let El be the set of those C in H such that C cat

for sam t > 0. rWe can effectively determine H and H1, but ye do not need

this fact.] We shall see below that H is nonempty. Denote the distinct elements

of H by 9l1.r. For each tin HE let e(i) > 0 be an integer such that

%1 -. For each C. id H-Hi let e(i) > 0, s(i), t(i) be integers such

that e(i) - s(i) + t(i) and aS(i) tO.) Let e - e(l)...e(r).

Consider in D, where u cand 2(k a )u. We oafl show

that Init (u*) G_ L, thereby proving the theorem. Since Init (ua ) S D c L,

It suffices to show that uaq is in L(G) for each q> k. Accordingly, let q > k

be given and let p = Jul. Then k-22Np a 2(2N~e)P-22NP - 22 P(2eP- 1 ) a 2(2ey-1)

z ep > ep 7 e. Therefore there is a positive integer g such that 22Np <

q-ge ! k. Then usq-ge is In Init (ua) and Iuaq'geI 2 2. Thus uaq'ge is In

L(G). Hence there is a generation tree T of g vhich derives uaq-ge (from s).

Since each production is of the form C - jk, k and v in V, it is readily seen

that any generation tree of G of a word of length > 2n contains a path with at

least n+l nodes, where each node name is a variable. Now Iuaqge I > q-ge > 22%

2 N(p+1). Thus T contains a path z1,...,Z;(p+,)+l, where the node name of each
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zt is a variable. Since there are only N distinct variables, one of them, say

C, is the node nun of at least p + 2 nodes. Denote by Y1s.""" yp+2 the first

p 4 2 nodes in the pathvhose node name is C. For 1 T. i pQ, let Ti be the

subtree of T vhose nodes are the extensions of Yi. Then Ti is a generation tree

(from C) of a vord in 0(.)-c. For 1 t i g p+l, since the node occurs

in Ti, there are vords xi, Yi in O(Z) such that C - xi[yi and v, a x-vi+jyj.

Since each production is of the form y - ov, 0 and v in V, xjyiý C. Since Y1

is in T, there exist v,, v2 in 0(V) such that S so v2. Thus uq'ge =

x....l. p+.rp2 y 1 ...l' Y 2 .

Two cases arise.

(1) Suppose that one of the xi is 6. Let J be the smllest integer such

that x• - e. Then Ix ... ,ll a J-1. Since xiyi c for each i, Ix,+ ... xp+l

v+yp+l ... yj+11 3! P+-J. Isx....y 3+ll a p, so that u is an initial sub-

word of v 1l ... Y,+. Therefore y is in a*. A xA -w, y s. Thus is in

as . Since C * x jy , g is in H1, say 9 9d. Nov e is a multiple of e(d).

Thus t . Cae(d)ge/e(d) Cage a.d

S s V x- - xj.. . j ... Y 3 Y

V v1x1.. .-x ivp2y1 +, ... .y ~aS"YJ.. .ye2

= wq-geage . uaq.

(2) Suppose that none of the x, is 4. Then I x...XPl a p, so that u is

an initial uubword of v .... .. Thus x4pv•p~ey.r"l. .Y 2 is in as. * en
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C oxS lgýI with x,+1 y P 1 in wa&*. Therefore t is in H, say C d* Then

there exist nonnegative integers a and t so that C a a.t, and e(d) s + t.

Thus

.5 a,1  ge/e(d)1  tee/ed)e ..

since x p .. y3Y2a(9+t)ge/e~d) is in MA*

u- q.
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